In this paper it is studied the cosmology of a homogeneous and isotropic spacetime endorsed with a conformally coupled massless scalar field. We find six different solutions of the Friedmann equation that represent six different types of universes, all of them are periodically distributed along the complex time axis. From a classical point of view, they are then isolated, separated by Euclidean regions that represent quantum mechanical barriers. Quantum mechanically, however, there is a non-zero probability for the state of the universes to tunnel out through a Euclidean instanton and suffer a sudden transition to another state of the spacetime. We compute the probability of transition for this and other non-local processes like the creation of universes in entangled pairs and, generally speaking, in multipartite entangled states. We obtain the quantum state of a single universe within the formalism of the Wheeler-DeWitt equation and give the semiclassical state of the universes that describes the quantum mechanics of a scalar field propagating in a deSitter background spacetime. We show that the superposition principle of the quantum mechanics of matter fields alone is an emergent feature of the semiclassical description of the universe that is not valid, for instance, in the spacetime foam.
I. INTRODUCTION
Quantum cosmology [1] [2] [3] [4] [5] [6] [7] is the application of the quantum theory to the universe as a whole. As a first approximation, this can be modeled by a composite system of spacetime and matter fields that, at least in the semiclassical regime, can be described as two weakly coupled subsystems. On the other hand, quantum theory is essentially a non local theory (in the sense of Refs. [8, 9] ) and thus, quantum cosmology inevitably leads to the concept of a wave function of the universe [10, 11] . However, the universe is not the whole thing in modern cosmology.
The multiverse, in its wide variety of forms [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , has become the most general scenario in cosmology. Three of the major frameworks in cosmology, i.e. the landscape of the string theories [18, 20] , the inflationary paradigm that leads to a continuing generation of inflating bubbles [14, 15] , and quantum cosmology [12, 25] , not only support but even enhance the consideration of a multiverse. Even more, these three types of multiverse are complementary so one can generally consider an interacting multiverse [27, 28] , which consists of the landscape populated of inflating bubbles that are quantum mechanically described by wave functions that can interfere and where non-local interactions may generally exist. In that case, the same reasoning based on the non locality of the quantum theory that leads to the concept of the wave function of the universe leads now to the concept of the wave function of the multiverse [25] .
As it happens in quantum mechanics, where one has to work in the framework of a quantum field theory to better describe a many particle system, the quantum state of the multiverse is better described in the framework of the so called third quantization formalism [25, 27, 29] , where it can be defined quantum operators that describe the creation and the annihilation of universes. It parallels the formalism of a quantum field theory, actually, but the field to be quantized now is the wave function of the multiverse and the abstract space where it propagates is the superspace of geometries and matter fields (to follow a quick analogy see, for instance, the table of p. 295 in Ref. [29] ).
One of the main aims of quantum cosmology is to describe the creation of the universe [10, 23, [30] [31] [32] [33] . It is a key feature because once the creation of the universe is described, the description of the rest of physical processes in the universe follows from known physical laws. For instance, the Schrödinger equation of matter fields can be derived in the semiclassical regime from the WheelerDeWitt equation [7, [34] [35] [36] [37] . Then, the wave function of the universe turns out to describe a set of matter fields propagating, and generally interacting, in a curved back-ground spacetime. In that sense, the wave function of the universe contains all the information about particle physics and, of course, classical mechanics too 1 . In quantum cosmology the customary picture for the creation of the universe is the creation of the universe from nothing [1, 10, [30] [31] [32] , where by nothing it is not understood the absolute meaning of nothing, i.e. something to which ascribe no properties, but the Euclidean region of the spacetime where nothing real exists. In particular, time does not exist and no classical physics can therefore be developed. Hence, the Euclidean region represents a quantum barrier for the classical spacetime. However, we know from quantum mechanics that there is generally a non zero probability for a wave function to penetrate into a quantum barrier. Then, there is a non zero probability for the universe to be created from nothing. That is all we need to exist.
Nevertheless, the reasoning that leads Hartle and Hawking [10] to propose the creation of the universe from nothing might not be correct. As Gott and Li first pointed out [38] and Barvinsky and Kamenshchik have shown later on [39, 40] , the renormalization of the matter fields does not need to exactly balance their zero point vacuum energy. In that case, there are two ways in which the universes can be created, either they are created from a pre-existing baby universe, which would lead to an eternal and self-contained multiverse [38] , or they are created from nothing but then, they have to be created in entangled pairs [41] .
In this paper, we shall explore the observable consequences that the creation of universes in entangled pairs might leave in the properties of a universe like ours. Not until recent years it was generally thought that even if other universes would exist, it would be meaningless to ask for the imprints that they could leave in the observable properties of our universe because the definition of the universe always entails some notion of causal closure. However, this notion of causal closure is always defined in a local sense (which is the only sense in which causality is properly defined in physics), in terms of the structure of the light ray cones of a given spacetime and the link between causal events. Non-local correlations may still be present in the multiverse without violating the local notion of causal closure, and they might modify some properties of the universe that would leave observable consequences. Thus, the search of the observable imprints of the multiverse in the properties of our universe has become an intense subject of research [28, [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] .
Besides, quantum entanglement [52] has a property that is specially appealing in quantum cosmology and the physics of matter fields in curved spacetimes. It is the relationship with the information that we can obtained from a physical subsystem [53, 54] . It is sometimes stated that information may disappear under some physical processes but entanglement may be telling us that part of the initial information can fall into regions that are inaccessible to us. In that case, it would be a lost of information but not a fundamental lost of information.
For instance, general relativity and quantum cosmology are invariant under general spacetime diffeomorphisms. In particular, the quantum state of the universe [10] is invariant under a time reversal change. However, the semiclassical state of the universe, in which it is defined the physics we know, has one definite direction of time [55] [56] [57] . The processes occurring in the opposite direction of time seem to have disappeared in the actual universe. However, entanglement may be telling us that they have not disappeared but they can be in a region of the spacetime that is not accessible for us. In fact, the time reversal invariance of the spacetime is broken in the semiclassical universe but a time symmetric solution always coexists because the time reversal invariance of the Friedmann equation. Therefore, if one consider that these two universes are created in entangled pairs, then, the time reversal symmetry does not disappear, it only lives in an inaccessible region 2 .
In this paper we study, in the context of the quantum multiverse, the cosmology of a homogeneous and isotropic spacetime with a conformally coupled massless scalar field, for which exact analytical solutions can be given. We shall show that the most natural way in which the universes are created is in entangled pairs that would conserve the total momentum conjugated to the scalar field. It parallels the creation of particles in entangled pairs with opposite momenta in a quantum field theory. However, the momentum conjugated to the scale factor depends on the expansion rate of the universe and thus, the universes are created with opposite expansion rates from the point of view of a common time variable. Nevertheless, in terms of the time variable measured in particle experiments made by internal observers the entangled universes are both expanding or contracting. We shall then study the properties of entanglement between: i) the correlated wave functions of the spacetimes, and ii) the states of the scalar fields that propagate therein.
The outline is the following. In Sect. II, we obtain the classical solutions of the Friedmann equation. They represent six different types of universes in the Lorentzian sector, and different Euclidean instantons in the Euclidean sector. In Sect. III, we obtain the quantum state of a single universe by solving the Wheeler-DeWitt equation. We compute as well the probabilities of transition between different states of the universe and the probabili-ties for the universes to be created in entangled pairs and, generally speaking, in multipartite entangled states. In Sect. IV.A we apply the third quantization formalism to describe the creation of universes in entangled pairs and to compute the effect of this inter-universal entanglement in the effective value of the Friedmann equation. In Sect. IV.B we compute the effects that the entanglement between two spacetimes would have in the properties of the scalar fields that propagate in the entangled spacetimes. Finally, in Sect. V we draw some conclusions and make further comments about the observability of the multiverse.
II. CLASSICAL STATES A. Friedmann equation
The Einstein-Hilbert action for a homogeneous and isotropic spacetime, with metric [10] 
where N (t) is the lapse function and, σ 2 = l 2 /24π 2 , and a conformally coupled massless scalar field, ϕ, can be written as
where
, and the field has been rescaled according to [10] 
In conformal time, defined by
the action (2) turns out to be 
with,
or
Eqs. (6) and (8) reflect the invariance of the Hamiltonian constraint under time reparametrizations too. In fact, we can always consider the canonical transformation given by
with ξ = N dη (11) so that
and
In this paper, unless otherwise indicated, we shall assume that N = 1, for which ξ = η is the conformal time, and t is cosmic time. The Hamiltonian constraint shows that the total energy of the universe is zero,
with
The first of these Hamiltonians corresponds to the Hamiltonian of a harmonic oscillator with unit frequency and equation of motion
which can be integrated (after multiplying by χ (η)) to yield
where E is the conserved energy of the scalar field. The Hamiltonian (16) is the Hamiltonian of an anharmonic oscillator with equation of motion
that can be integrated as well by multiplying it by a to yield where ε is a constant too. In order to satisfy the Hamiltonian constraint (14) ,
It turns out that, ε = E, i.e. the energy of the spacetime is negative and equals the energy of the scalar field so the total energy of the universe is zero. Eq. (20) can also be expressed as
which is nothing more than the Friedmann equation written in conformal time. In cosmic time it turns out to bė
where [38] , C ≡ 2E = 8πρa 4 3 , with ρ being the energy density of the conformally coupled scalar field.
B. Lorentzian solutions
Let us now find the Lorentzian solutions of the Friedmann equation (23) , which can also be written as
with [38] 
For the value, 4H 2 C ≥ 1, the r.h.s of (23) is always non negative and there is thus a Lorentzian solution of the Friedmann equation for all values of the scale factor. For 4H 2 C < 1, however, it is only positive for the values, a > a + and a < a − . These two regions represent classically allowed regions for which an analytical Lorentzian solution can be given. They are separated by the Euclidean region, a − < a < a + , for which exists no real solution of (23) . We have therefore two types of universes separated by a quantum barrier (see Fig. 1 ).
The solutions of the Friedmann equation (24) can easily be obtained by making the change, u = a 2 , for which (24) transforms into
where, u ± ≡ a 2 ± . In terms of the original variable a, the integration of (26) yields
where A 0 ≡ e −Ht0 , is a constant of integration. Let us notice that A 0 only appears effectively in (27) as A 2 0 , so A 0 can generally be complex as far as A 2 0 is real, which is a necessary condition for the scale factor (27) to be real as well. Then, let us write, t 0 ≡ t 0 + i τ 0 , so that
where it has been used that τ 0 must satisfy
In particular,
Thus, the solutions of the Friedmann equation are periodically distributed along the complex time axis (see, Figs. 2-4). In between, there are Euclidean regions, given by that work like quantum barriers that separate the different Lorentzian regions where the classical universes live. They are thus causally disconnected from a classical point of view. We shall see however that their quantum states can be quantum mechanically correlated or entangled.
Let us now consider the solution given by (27) . We can distinguish three regimes. For values 4H 2 C > 1, it can generally be written as
where the positive and negative signs correspond to the values, A 2 0 > 0 and A 2 0 < 0, respectively, and the real exponential of A 2 0 in (28) has been absorbed into an initial real time,t 0 ∈ R, in ∆t ≡ t −t 0 . On the other hand, for the value 4H 2 C < 1, the solution (27) can be written as
where here too the positive and negative signs correspond to the values, A 2 0 > 0 and A 2 0 < 0, respectively. Finally, for the particular value 4H 2 C = 1, the solutions of the Friedmann equation given by (27) can be written as
where again the positive and negative signs in front of the exponential correspond to the values, A 2 0 > 0 and A 2 0 < 0, respectively. Let us notice that all these solutions are symmetric under a time reversal transformation because the Friedmannn equation (23) is invariant under the change, t → −t, so we can always distinguish two branches of each solution.
There are therefore six different solutions of the Friedmann equation that represent six different types of universes. All of them are periodically distributed along the complex time axis at points τ 0 given by (29) . All of them are therefore separated by Euclidean regions, i.e. classically forbidden regions, so they are all classically disconnected from the causal point of view (see Fig. 2-4 ).
1. Type I universes:
In this case the solutions of the Friedmann equation are given by (33) with the positive sign. These are universes that start at a big bang singularity at t = 0 in ∆t ≡ t−t 0 , witht
and expands exponentially like a flat deSitter spacetime at late times (see Fig. 2 ). It is worth noticing that this type of universe cannot be continuously transformed into an exact (C = 0) deSitter universe because, 4H 2 C ≥ 1.
2. Type II universes:
These are the contracting branches of the type I universes. The scale factor is given by (33) with the negative sign. They contract from a large value of the scale factor to a big crunch singularity at t = t bc in ∆t ≡ t −t 0 , with
They are represented in Fig. 2 . These solutions cannot be continuously transformed either into an exact deSitter spacetime.
3. Type III universes:
The scale factor of this type of universes is given by (34) with the positive sign. In terms of the values of a + and a − given in (25) , the scale factor can be written as
with, ∆t ∈ (−∞, ∞). The solutions are represented in Fig. 3 . They contract from infinity into the minimum value a + , reached at ∆t = 0, and they then expand to infinity again. This type of solution can continuously be transformed into the customary solutions of the closed deSitter spacetime in the limit C → 0. In fact, they are the natural extension of the closed deSitter universe with a radiation like energy given by C/2.
4. Type IV universes:
The scale factor of this type of universe is given by (34) with the negative sign. It can be written as
This is a universe that starts in a big-bang like singularity at t = 0 in ∆t, with
expands to a maximum value a − , at t =t 0 , and then recollapses to a big-crunch like singularity, at t = 2t 0 . For a value H 1, the evolution of this type of universes is like that of a radiation dominated universe. It is depicted in Fig. 3 . In the deSitter limit, i.e. in the limit C → 0, this type of solution degenerates because, a − → 0, sot 0 → 0. It is also worth noticing that in the limit C → 1 4H 2 , a − → a + .
Type V universes:
The scale factor is now given by (35) with the positive sign, i.e.
where the positive and negative signs correspond here to the time symmetrical branches of the universe. For the positive sign, the universe expands asymptotically like a flat deSitter universe. However, it is worth noticing that it does not start from a big bang like singularity because,
The time reversal symmetric branch, i.e. that with the negative sign, corresponds then to a universe that contracts from a very large value of the scale factor to the value a 0 = 1 H in an infinite time. Thus, it does not end in a big-crunch singularity. They are both depicted in Fig. 4 . 6. Type VI universes:
Finally, the scale factor of these universes is given by Eq. (35) with the negative sign, i.e.
where the positive and negative signs correspond here as well to the time symmetrical branches of the universe. For the negative sign, the universe starts from a bigbang like singularity at t =t 0 and then expands to an asymptotical maximum value a 0 = 1 H . It does not recollapse. For the positive branch, the universe is created with the value a 0 and then re-collapses to a big-crunch singularity at ∆t = 0. They are depicted in Fig. 4 .
C. Euclidean solutions
For the value 4H 2 C ≥ 1, the r.h.s of Eq. (23) is always non negative and there is thus no classically forbidden region. Lorentzian solutions given by (33) or (35) exist along the positive real axis, a ∈ R + . For the value 4H 2 C < 1, however, we have already pointed out that there are two Lorentzian regions separated by a Euclidean region located in the interval, a − < a < a + (see, Fig. 1 ). We can obtain the Euclidean solutions of the Friedmann equation by Wick rotating the solution (27) to Euclidean time, i.e. t → −iτ , with A 0 → A E ≡ e τ0 e −it0 , is a new constant of integration. In order to obtain real solutions of the Euclidean scale factor, a E , t 0 has to satisfy now
On the other hand, the value of τ 0 can be incorporated in the exponentials of (27). The Euclidean solutions can then be written as
with a ± given by (25) , a ∈ (a − , a + ), and
Let us now consider the Euclidean instanton with geometry given by
with, a E (τ ) given by (45) . The Euclidean instantons are the classical solutions of the Euclidean action. They are therefore the saddle points of the Euclidean action and provide the first order contribution to the probability of crossing the quantum barrier where they leave (see, Sect. III.B). In the case of the Euclidean instanton (47), it connects the maximally expanded three sphere of a type IV universe with the minimum sphere of a type III universe, both with the same values of the cosmological constant, Λ = 3H 2 , and the same energy of the scalar field, E = C/2, because H and C are the same in a ± = a ± (H, C) in (45) .
One can easily generalize the Euclidean instanton (47) to another one with the same geometry and Euclidean scale factor given by
where ∆τ ∈ (0, π 2H
), and
It is the solution of a Euclidean Friedmann equation that it is the Euclidean version of Eq. (23) with effective valuesH andC given bȳ
where the limits are reached for the values,
Equivalently, this instanton is the Euclidean version of a deSitter spacetime withΛ = and a conformally coupled massless scalar field with energy given byC/2. The instanton (48) can connect the maximum expansion point of a type IV universe, given by
, with the minimum expansion point of a type III universe, given by a 2,+ ≡ a + (H 2 , C 2 ), regardless of the different values of the cosmological constants H 1 and H 2 , and the energy density of the scalar fields, C 1 and C 2 , of the two connected universes. It is worth noticing that a 2,+ can even be smaller than a 1,− . Thus, it can connect a baby universe with a parent universe like it is represented in Fig. 3 but it can also connect a large parent cyclic universe with another parent exponentially expanding universe, like it is depicted in Fig. 5 , or two cyclic universes (Fig. 6 ). The variety of processes resulting from the quantum transitions in this type of multiverse [58, 59] generated by this type of instanton turns out to be extremely rich. Even more, double Euclidean instantons can also connect two large cyclic universes or two large exponentially expanding universe, both with the same or with different values of their cosmological constants and the energy of their scalar fields. It is worth noticing that there is no conflict here with the energy conservation because all the solutions satisfy the Hamiltonian constraint (14) so in that sense the total energy of all the universes is zero and the quantum transitions do not violate that condition so the total energy remains zero in the transition. That does not mean however that all the transitions are equally probable. This will be computed in the next section.
III. QUANTUM STATES A. Wheeler-DeWitt equation
Let us canonically quantize the Hamiltonian constraint (8) by promoting the dynamical variables into operators. In the configuration space (a, χ), the Hamiltonian constraint (8) turns out to be the Wheeler-DeWitt equation, which reads [10]
where p is a constant determining the operator ordering [10, 38] , and Ψ(a, χ) is the wave function of the universe, i.e. the wave function for the composite state of spacetime and matter fields. The Wheeler-DeWitt equation
The first of these equations is the equation of a quantum harmonic oscillator with unit mass and frequency, which can be solved in terms of Hermite polynomials, H n (x). The customary normalized solutions are
The second of Eqs. (54) (55) can formally be written as the classical equation of a harmonic oscillator
where the dot means derivative with respect to the scale factor, which acts then as the time like variable in (58) . The time dependent mass and frequency in (58) are given by, M ≡ M(a) = a p , and
Let us notice that for a universe for which the WheelerDeWitt equation is given by Eq. (58) the Friedmann equation is just given by (see Eqs. (7) and (9))
which yields the Friedmann equation in conformal and cosmic times, Eqs. (22) and (23), respectively. Therefore, the frequency of the time dependent harmonic oscillator that describes the quantum state of the universe contains all the information about the evolution of the given universe. It will be especially important later on. The general quantum state that is solution of the Wheeler-DeWitt equation (53) is therefore [10] 
It is a superposition of composite states 3 where the quantum state of the matter field is completely correlated with the state of the corresponding spacetime where it propagates. On the other hand, the state ψ n (a) in (61) represents the quantum state of a region of the spacetime 3 In the terminology of Everett it is a superposition of relative states (see Eq. (1) of Ref. [12] ) that expands (or contracts) according to the Friedmann equation
A given vacuum of the landscape is then populated with small regions of the spacetime that contains a the scalar field with a definite energy label, n, and these distinct regions of the spacetime evolve differently according to the corresponding Friedmann equation (62) . The quantum states of all these regions are then entangled in a composite state (61) that represents the quantum state of a simplified version of the spacetime foam [60] [61] [62] .
We have then two possibilities. In those regions where the scalar field is created in a state with a small number n, given by n < n 0 , with
the condition 4H 2 C < 1 is satisfied and the evolution of the spacetime is given by Eq. (39) . A small bubble of the spacetime expands then to a maximum value a − and then re-collapses again to delve into the gravitational foam. However, at the turning point a − the state of the spacetime may undergo a quantum transition through the Euclidean region located between a − and a + . Then, the bubble would suffer a sudden transition and it would start expanding from the value a + of the scale factor to an asymptotically closed deSitter spacetime. A macroscopic universe has then been created.
On the other hand, for regions of the spacetime for which the scalar field is created with a large number n, given by n > n 0 , then, 4H 2 C > 1, and the scale factor of the spacetime in that region would follow Eq. (33) . Then, the bubble would start inflating from the very beginning and expanding asymptotically like a deSitter universe. Finally, in the particular case in which the number of particles would be exactly n 0 , then, the spacetime would asymptotically expand like a deSitter spacetime with a scale factor given by (35) .
One might expect that the configurations with a large number of particles of the scalar field would be exponentially suppressed and thus the cases of ever inflating solutions without tunneling transition should be exponentially forbidden. That need not necessarily be the case. First, because all possible configurations are solutions of the Wheeler-DeWitt equation and thus they all satisfy the Hamiltonian constraint, i.e. the total energy is always zero and the total energy is thus conserved in the creation of any type of universe. Secondly, because the wave function of all those configurations is regular at a → 0. In that sense, it is avoided the classically singular character of the origin and the universes can be created with a very small value of the scale factor [38] . Let us notice that for small values of the scale factor the wave function of the spacetime approximates that of a harmonic oscillator too, and then
which is regular at a = 0. But even if the suppression of large values of n would be the result of imposing a particular boundary condition on the composite state (61), for instance the result of imposing the condition, (61) or (64), which would correspond to a thermal distribution of universal states at temperature T , even though, there would be bubbles that would inflate from the very beginning without the need of a tunneling transition. In fact, even if the scalar field is created in the lowest, n = 0 state, there would be regions of the landscape for which H 2 > 1 4 . In those regions, 4H 2 C > 1 and thus the bubbles would start exponentially inflating from the very beginning. Therefore, the solutions given by (33) cannot be disregarded from the general picture.
It is also worth noticing that the superposition principle of the quantum mechanics of the matter fields alone is not satisfied here, i.e. a superposition state given by
is not a solution of the Wheeler-DeWitt equation (53) . Inside each universe, whose quantum state is represented by ψ n , the label n is totally definite. There is no possibility of having superposition states like the one represented by (65) . The superposition state (65) is only solution of the Hamiltonian constraint in a large macroscopic universe like ours. The superposition principle of quantum mechanics turns out to be then an emergent feature of the semiclassical state of the universe. Let us note that for large values of the scale factor we can make use of the WKB solutions of (55), given by
where N n is some normalization constant, and
where ω DS is the square root of the potential of a closed deSitter universe,
Then, the solution of the Wheeler-DeWitt equation can be written as
where η is the conformal time of the background deSitter spacetime, i.e
for the expanding (+) and the contracting (−) branches of the deSitter spacetime. The background deSitter spacetime evolves in cosmic time as,
which is the solution of the corresponding Friedmann equation,
The difference between a DS (t) in Eq. (73) and a(t) in Eqs. (33) (34) (35) is that the latter contain the back reaction effects of the scalar field. For a large value of the scale factor this effect is highly subdominant and the superposition principle of quantum mechanics is then satisfied, at least to order 1 . Of course, the superposition principle of quantum mechanics for the composite state of the matter field and the states of the spacetime is still valid, and it is in fact at the root of the entangled state (61) because it is a direct consequence of the linearity of the Wheeler-DeWitt equation (53) . It is only the superposition principle of the quantum mechanics of matter fields alone what is an emergent figure of the quantum state of the universe and it becomes valid only in a large parent universe like ours, where a time variable can be defined, but not in the composite state (61) where all the regions of the spacetime are correlated and created with a definite number n.
B. Quantum transitions
Single universe
For the value 4H 2 C ≥ 1 there is no classically forbidden region for any value of the scale factor. However, for the value 4H 2 C < 1, we have already pointed out that there is a Euclidean region between two Lorentzian regions that acts as a quantum barrier (see Fig. 1 ). The solutions of region I in Fig. 1 are baby universes that are created from the spacetime foam, they expand like a radiation dominated universe and at the turning point, a = a − , the state of the universe can tunnel out through the Euclidean barrier and appear in region III as a newborn universe with the value a + of the scale factor. The probability of the tunneling transition is given by
The creation of a large parent universe from a baby universe.
where (see App. A)
where F (q, x) and E(q, x) are the elliptical integrals of first and second kind, respectively, with q ≡ arcsin 1 k , and
The kind of transitions that can be posed in the landscape with the Euclidean instanton (48) is extremely rich. First, one can pose tunneling transitions between two universes with the same value of their cosmological constant and energy of the matter fields, but one can also pose tunneling transitions between universes with different values of their cosmological constants and the energy of their scalar fields. In that case, the probability for the tunneling transition is given by,
where I 2 can be written as,
where α and β are two coefficients given in (A9).
Pair of entangled universes
The probabilities (74) and (77) are the probabilities for a pre-existing universe in region I to tunnel out to region III. It is the customary picture for the creation of a universe from something [33, 38, 41] , i.e. from a pre-existing baby universe (see, Fig. 7) . However, there is still room for the universes to be created from nothing, i.e. from the Euclidean region without the need of a pre-existing universe. However, in order for the universes to be created from nothing they have to be created in entangled pairs [41, 63] from a double Euclidean instanton like the one depicted in Fig. 8 (see also Fig. 9 ). The probability for the pair of entangled universes to be created from nothing would then be given by
where I is the Euclidean action of a single instanton, given by (75).
Multipartite entangled states
One can even pose the creation of a multipartite Nentangled state like the one depicted in Fig. 11 . In that case, the probability of having N -entangled universes would be given by
where I is given by (75) . It means that the creation of N -entangled universes from a N -Euclidean instanton is exponentially suppressed for a large value of N . However, these highly non-classical states can be present as well in the multiverse. In general, one can pose the creation of two or more universes from a multiple Euclidean instanton formed by gluing single instantons of different types (see, Fig. 12 ). The only needed condition is that the instantons have to be matched at two hypersurfaces with the same value of the scale factor and equal tangent vector in the matching hypersurface. The latter condition is satisfied by the instanton (48) at the hypersurfaces a + and a − for any value of H and C so the multiple instanton that can be formed is quite general (see, Fig. 12 ). The probability would eventually be given by the product of the probabilities of the single instantons, i.e.
where N i is the number of instantons of type i used to form the total instanton, and I i is the Euclidean action that corresponds to each type of instanton. Thus, a N -entangled Euclidean instanton would give rise to N Lorentzian universes (see Fig. 7 ). Following the same reasoning to that made in the preceding section, the single instantons can only be matched for an equal value of the mode of the matter field and, therefore, the composite N -partite state of the Lorentzian regime must necessarily be an entangled state. We can still consider the creation of a multipartite 4 entangled state from both something or nothing. In the former case, a baby universe would give rise to an entangled state of N universes. In the latter case, we can identify the matching hypersurfaces of the N Euclidean instanton with the matching hypersurface of the first instanton, making therefore a cyclic chain of N -Euclidean instantons that would induce the creation from nothing of the N -partite entangled state in the multiverse. Furthermore, different configurations can be envisaged for the creation of N -entangled universe from a N -composite Euclidean instanton by combining both mechanism, all of them given rise to composite states of N Lorentzian universes with some degree of entanglement [68] .
IV. INTER-UNIVERSAL ENTANGLEMENT A. Third quantization formalism
The creation and annihilation of universes is better understood in a third quantization formalism [25, 29] . It basically consists of considering the Wheeler-DeWitt equation (53) as the wave equation of a scalar field, Ψ(a, χ), that propagates in the minisuperspace spanned by the configuration variables (a, χ), where the scale factor formally plays the role of the time-like variable of the minisuperspace and the scalar field χ formally plays the role of a spatial variable. Thus, the quantum state of the homogeneous and isotropic universe can be analyzed by applying a formalism that parallels that of a quantum field theory of a scalar field propagating in a curved spacetime 5 . The wave function of the universe, Ψ(a, χ), is then promoted to an operatorΨ that in the Heisenberg picture is given bŷ
whereĉ † n andĉ n are constant operators that represent the creation and annihilation of universes, respectively, whose quantum mechanically states are described by the wave function, Ψ n (a, χ) = ψ n (a)φ n (χ), i.e. they create or annihilate branches of the universe with a definite energy level of the scalar field χ, given by n, and a homogeneous and isotropic geometry given by (1) with a scale factor evolving according to (23) . The positive and negative values inĉ n andĉ † −n in (82) refer to the expanding and the contracting branches that they create or annihilate. Let us notice that the Friedmann equation is given by the Hamiltonian constraint p 2 a = ω 2 with the classical value,
is the Friedmann equation that corresponds, with respect to the cosmic time t, to a contracting (−) or an expanding (+) branch of the universe. Let us recall that for every classical solution its time reversal transformation is a solution as well because the invariance of the Friedmann equation (24) with respect to a time reversal change, t → −t. Let us also notice that these two solutions are quantum mechanically represented by the complex conjugated pair of WKB solutions
where N n is a normalization constant, ω DS is given by (68) ,
and, to order 0 ,
5 Let us notice that in the case considered in this paper the metric element of the minisuperspace is given by
so the minisuperspace corresponds to a Minkowski like space but in general the minisupermetric is a curved minisuperspace (see, for instance, Ref. [25, 69] ).
Each branch represents a universe and the universes are then created in entangled pairs. It parallels the creation of particles in entangled pairs in a quantum field theory. In that case, the particles are created in entangled pairs with opposite values of their momenta, ±k, because the isotropy of the background spacetime and because conservation of the total momentum. Here, the universes are created as well in entangled pairs with opposite momenta, given by p a = ±ω n . The momentum conjugated to the scale factor is however related to the Friedmann equation and they thus correspond to reversely evolving branches of the spacetime. However, it is worth noticing that the consideration of the spacetime as expanding or contracting in this context depends on the time variable chosen by a particular observer that inhabit one of the branches, for which his or her branch is expanding and the opposite one is then contracting. For an observer living in the partner branch the situation is the other way around, his or her universe is the expanding branch and the opposite one is the contracting branch. The WKB time for these two observers turn out to be related by an antipodal like symmetry [33, 70] . Let us notice that from the standpoint of quantum cosmology time is an emergent feature and not the other way around. To see it, let us introduce the WKB solutions (84) into the semiclassical limit of the Wheeler-DeWitt equation. For a large parent universe like ours it is satisfied
which is equivalent to the time dependent Schrödinger equation
where, φ(t, χ) ≡ φ(a(t), χ), and the time variable t has been defined according to
Therefore, from the quantum mechanical standpoint time arises as an emergent feature of the semiclassical regime of the wave function of the universe. An observer inhabiting each branch of the entangled pair defines his or her time variable from the experiments of particle physics that are governed by the Schrödinger equation (88). Thus the two WKB solutions describe both an expanding universe from the point of view of the time variable experienced by an internal observer (see Fig. 9 ). The third quantization formalism parallels that of a quantum field theory propagating in a curved spacetime. It is only valid to describe universes with high degree of symmetry, but this is enough to describe most of the evolution of a universe like ours. A similar effect happens in a generally curved spacetime where is not always possible to define a consistent time variable and thus, a welldefined quantum field theory cannot be developed. In the case of the multiverse the scale factor formally plays the role of the time like variable of the minisuperspace of geometries and matter fields and the latter formally play the role of the spatial variables. Then, for homogeneous and isotropic spacetimes the third quantization formalism is well defined.
We have now to choose the appropriate vacuum state of the wave function Ψ(a, χ) in the minisuperspace by imposing a particular boundary condition. For this, we impose that the vacuum state must be a stable vacuum state and it thus must steadily represent the ground state of the wave function of the multiverses for any value of the scale factor.
Following the prescription of a quantum field theory the vacuum state would be given by the composite state
where |0 n b is the ground state of an invariant annihilation operator,b n , for each mode of the composite state (82), i.e.b
The invariant operatorsb n andb † n are such that
whereĤ n is the third quantized Hamiltonian for which the Heisenberg equations give rise to the Wheeler-DeWitt equation (58), i.e.
with M and ω 2 n being given after (58) . Then, the eigenstates |N, a b of the number operator of an invariant representation,N (a), have the great advantage that they are stable under the evolution of the universe becausê
with, N = N (a), being a constant. In particular,
along the entire evolution of the wave function Ψ(a, χ). It is thus a steady ground state that can represent the no universe state at any value of the scale factor. An invariant representation of the generalized harmonic oscillator (58) can be written as
whereψ and its conjugated momentumP ψ are constant operators in the Schrödinger picture, and R ≡ R(a) is an auxiliary real function that satisfies
The invariant representation (96-97) must be fixed by imposing the asymptotic condition that for a large parent universe it approaches the diagonal representation given byĉ
in terms of which the branches represent two independent universes. It means that the two branches are originally created in an entangled pair and the entanglement is decreasing as the universes expand and become large parent universes like ours. However, the effects of their entanglement could be significant in the very early stages of their evolution and they might even have a residual effect in our current universe. The entanglement rate can be seen by writing the Hamiltonian (93) in terms of the invariant representation (96-97). It describes then the evolution of two interacting universes whose interaction is decreasing as the universes expand. Let us notice that the invariant and the diagonal representations, given by (96-97) and (99-100) respectively, are related by the Bogolyubov transformationb
Then,
turns out to be
where,
The Hamiltonian (106) is the Hamiltonian of two interacting universes with a Hamiltonian of interaction given by H I . Let us notice that a solution of (98) can generally be given by
where ψ 1 and ψ 2 are two particular solutions of the wave equation (58) . In the WKB regime one can choose the following two real solutions
so that
This value of R in (96-97) fulfills the boundary condition that for a large parent universe the invariant representation approaches the diagonal representation, i.e.
for, a 1. Therefore, the entanglement rate between the two universes disappears as the universes expand and become large parent universes because
where, V (a) = a 3 , and
For the earliest stage of the evolution of the universes the entanglement between their quantum states can be significant and it may have an important effect of their evolution. Let us notice that the effective value of the Friedmann equation would be given by the Friedmann equation (62) with the effective value of the frequency given by Ω n (a) instead of ω n (a). Then, at large enough values of the scale factor
7 For more general solutions, see Ref. [72] .
The extra term in the effective Friedmann equation (118) induces a modification in the pre-exponential stage of the evolution of the universe that might leave observable imprints in the power spectrum of the CMB [76, 77] provided that the inflationary stage does not last for too long.
B. Entanglement between the scalar field of the two branches For a large parent universe the gravitational degrees of freedom are frozen out and the semiclassical state of the universe is described by the wave function (84) . It represents an exponentially expanding deSitter background spacetime where the field propagates and behaves quantum mechanically acoording to the Schrödinger equation (88), which is the Schrödinger equation of a harmonic oscillator with unit frequency and mass whose wave equation is then given by (17) . The second quantization of the scalar field would follow the customary procedure of promoting the scalar field to an operator that, in the Heisenberg picture, can be written as
However, the creation of the universes in entangled pairs makes that their scalar fields are entangled too. Then, creation and annihilation operators,ĉ † 1,2 andĉ 1,2 respectively, in (119) turns out to be the creation and annihilation operators of particles of the scalar field in the universes 1 and 2. The amplitude χ(η) satisfies the wave equation (17) , whose solution is simply given in conformal time by
The composite vacuum state of the scalar field χ, |0 1 0 2 , is annihilated by the annihilation operatorsĉ 1 andĉ 2 . It is a stable vacuum state because the wave equation (17) is the wave equation of a time independent harmonic oscillator. Then, if the scalar field χ is in the vacuum state at a given initial moment η 0 it will stay in that vacuum state along the entire evolution of the field. It thus represents the no particle state for all time. Let us also notice that in terms of the invariant representation of the scalar fieldχ, given bŷ
the Hamiltonian
turns out to represent two non interacting scalar fields, i.e.
each one representing the independent evolution of the scalar field in each single universe of the entangled pair, with
In that sense, the scalar fields of the two universes are not entangled. Let us notice that although the quantum states of the background spacetimes are entangled, the scalar field χ is decoupled from the spacetime degrees of freedom and thus, the modes of χ in one universe are unentangled from the modes of χ in the partner universe. However, in terms of the original scalar field ϕ(t) (see Eq. (3)), the modes of the scalar field in the entangled pair of universes are entangled too. Let us notice that in a homogeneous and isotropic universe the spatial modes are decoupled to each other and the action of the n mode reads, in terms of cosmic time t,
evaluated at a(t). For n = 1 it is recovered the solution (120) of the scalar field χ(η) in terms of conformal time. For other modes, the wave equation for χ n (η) is given by
whose solutions are
which are well defined for all time. However, in terms of the cosmic time and using the Friedmann equation (23), the frequency (126) yields
The momentum conjugated to the scalar field ϕ n is given by
and the canonical transformation that relates χ n , π χ with ϕ n , p ϕ is
Let us then consider the invariant representation of the modes χ nχ
and the diagonal representation of the modes ϕ n ,
with, M = σ 2 a 3 and ω n given by (129). Then,
with, |α n | 2 − |β n | 2 = 1, for all n. It turns out that the invariant vacuum state |0 1 0 2 c , given now by the tensor product
can be related to the number states of the b, b † representation as
The reduced density matrix that describes the quantum states of the scalar field ϕ(t) in one of the universes is then [78, 79] 
which is a quasi thermal state that can be written as , and the specific temperature of entanglement for each mode given by
The specific temperature (145) is defined as the temperature of entanglement of the state (144) per unit of frequency,
whereT n is the temperature of the entanglement of the quasi thermal distribution (144). However, the thermal character of the distribution (144) is not clear because it is derived from highly non-local correlations unlike the customary definition of a thermal state in classical thermodynamics, which is obtained from the average of microscopic contact effects. In fact, the relationship between the thermodynamics of entanglement and the classical formulation of thermodynamics is a subject of intense research [80] [81] [82] [83] [84] [85] . To our knowledge there is no conclusive result yet. Besides, we are interested here in the weight of each mode in the distribution (144) and therefore, we are interested in the value of T n rather than that ofT n . Let us now consider the function F n (t) given by
In obtaining (148) it has been used (129) and the Friedmann equation (24) . In the limit of large modes, n → ∞, G n (t) → 2, and F n (t) → ∞ ∀n.
Thus, T n → 0 in (144) and
Therefore, the highest modes of the scalar field stay in the vacuum state. It means that they are unaware of the effects of the entanglement between the universes. However, the lowest modes of the scalar field are heavily affected by the inter-universal entanglement. Let us notice that in the limit of large values of the scale factor,
It means that the excites states of the modes are distributed with almost the same probability. The lowest modes can then be highly excited and, thus, the effect of the entanglement between universes is expected to be large for these modes. In terms of the physical length defined as, L ph = a n , the temperature of the modes (152) turns out to be
Therefore, at short distances with respect to the Hubble length, L ph H −1 , the modes are in the vacuum states and thus the effects of the entanglement between the universes is negligible. However, at distances of order of the Hubble length, L ph H −1 , the effects becomes significant, a result that agrees with the one obtained in Ref. [42] .
Let us also notice that the state (144) can be interpreted in terms of particle creation, the number of which would be given by
For large modes, N n → 0, and there is no particle creation. However, for small modes the number of particles would be
a result that can be related with that obtained by Grishchuk and Sidorov 9 [86] . One could even define the thermodynamical magnitudes of entanglement associated to the quasi thermal state (144). They are given, for each mode, by [79] with, E n (t) = Q n (t) + W n (t), for all modes n. In Fig.  13 it is depicted the energy densities that correspond to E n , Q n , and W n , given respectively by
with, V = a 3 (t). They vanish for a large value of the scale factor. However, they might contribute significantly during the early phases of the evolution of the universe, with an effective value of the Friedmann equation given by
where the sum of the modes is extended to some maximum mode that for subhorizon modes would be given by [42] n max ∼ aH (i.e., L ph ∼ H −1 ). The first term in (160) corresponds to the unperturbed Friedmann equation. The second term is the correction to the Friedmann equation due to the entanglement between the spacetimes of the entangled universes, and the last term is the correction originated by the entanglement between the modes of the scalar field of the two entangled universes. The effective value of the expansion rate, H ≡ 1 a da dt , is depicted in Fig. ? ?.
Let us finally analyze the effects of the entanglement in the fluctuations of the scalar field, ϕ, which could shed some observable effect as well. Let us first consider the amplitude of the quantum fluctuations in the case where no entanglement is present. Then,
where it has been assumed that the field is in the vacuum state of the b, b † representation. Then, the fluctuations of the vacuum turns out to be
where, n ph = n a . The spectrum (164) is like the spectrum of the vacuum fluctuations of Minkowski spacetime in terms however of the physical wave number n ph , as it was expected due to the conformal invariance of the action of the spacetime with a conformally coupled massless scalar field. However, if the field is in the state (144) due to the entanglement between the universes, then, the spectrum of fluctuations would be given instead by
where N n is given in (154). Then,
For large modes, T n → 0 and the spectrum of fluctuations coincide with the spectrum of the vacuum fluctuations, i.e. the effects of the entanglement between the universes are subdominant. However, for the lowest modes the departure from the spectrum of the vacuum fluctuations of a scalar field that propagates in an unentangled universe is significant. In the limit n ph 1, N n ≈ T n ∼ Ha n , and thus
It is also worth noticing that in terms of the physical length,
It means that the effect of the entanglement between the universes disappears for very large and very short distances. However, for physical distances of order of the Hubble length it becomes significant (see, Fig. 15 ). In that region the effect of the entanglement may have an important influence then in the power spectrum of the scalar field and thus it can leave distinguishable imprints in the properties of the universes that can be, in principle, observable. , and for the thermal state (144) derived from the entanglement between the two parent spacetimes where the scalar fields propagate.
V. CONCLUSIONS
We have studied the cosmology of a homogeneous and isotropic spacetime endorsed with a conformally coupled massless scalar field. We have found six different solutions of the Friedmann equation that represent six different types of universes that are periodically distributed along the complex time axis. They are thus separated by Euclidean regions that represent quantum mechanical barriers. From a classical point of view one should just choose one of these solutions as the solution that represents the evolution of the universe.
Quantum mechanically, however, there is a non-zero probability for the universe to tunnel out through the quantum barrier and suffer a sudden transition to the state of another solution. We have computed the probability of tunneling in terms of the Euclidean action that corresponds to the Euclidean instanton that connects the two Lorentzian states of the universe. Moreover, two or more instantons can be matched to form double and generally speaking multiple instantons that would be the quantum origin of the entangled states between two or more universes.
We have obtained the quantum states of the branches of the universe, both in the formalism of the WheelerDeWitt equation and in the third quantization formalism. Within the former, we have analyzed the creation of a single universe from the spacetime foam, being this represented in the model by a quantum superposition of relative states between the quantum states of the spacetime and the quantum states of the scalar field. We have obtained that the quantum state of an evolved universe, for which the quantum fluctuations of the spacetime are frozen out, describes the quantum mechanics of a scalar field propagating in a deSitter spacetime background. We have also shown that the superposition principle of the quantum mechanics of matter fields alone is an emergent feature of the semiclassical description of the universe.
We have shown that within the third quantization formalism the most natural way in which the universes are created is in entangled pair of branches, each one associated to the positive and negative values of the momenta conjugated to the scalar field. Their quantum states are given by the complex pairs of WKB solutions of the Wheeler-DeWitt equation. It parallels the creation of entangled pairs of particles with opposite momenta in a quantum field theory. However, the momenta conjugated to the scale factor is related to the expansion rate of the universes and thus, the opposite signs of the momenta for the newborn universes correspond to the opposite expansion rates in terms of a common time variable t. Nevertheless, in terms of the WKB time variable, which would be the time variable measured by internal observer in their particle physics experiments, the two universes are both contracting or expanding. It means that the universes are created in entangled pairs of both expanding or both contracting branches.
We have defined the appropriate vacuum state for the quantum description of the wave function of the multiverse. It corresponds to the stable no-universe state for all values of the scale factor. However, in the invariant representation the multiverse is described in terms of pairs of interacting universes whose non-local interactions are high at the creation of the universe to decrease as the universes expand and become large parent universes like ours. The effective value of the frequency of their quantum states, which is ultimately related to the Friedmann equation, is then significantly modified by the entanglement introducing a pre-inflationary stage in the evolution of the universes. It is worth noticing that a modification of the Friedmann equation that would entail the appearance of a pre-inflationary stage of the universe might produce a suppression of the lowest modes of the power spectrum of the CMB provided that inflation does not last for too long [76, 77] . It would be a way to test the effects of the multiverse in a more realistic model of the multiverse.
We have analyzed as well the effects of the entanglement between the modes of the scalar field that propagate in each spacetime of the entangled pair of universes. The quantum state of the scalar field in one of the universes turns out to be given by a quasi-thermal distribution whose time dependent temperature depends on the rate of entanglement between the two universes. The large modes of the scalar field are unaware of the entanglement between the two universes. For the lowest modes, however, the effect can be significant. It means that at short distances the effects of the inter-universal entanglement are negligible but they become important at distances of order of the Hubble length, which agrees with the result obtained in [42] .
We have computed the rate of particle creation. The largest modes of the scalar field remain in the vacuum state along the evolution of the field and there is thus no particle creation for these modes. For the lowest modes the number of created particles grows exponentially in time during the exponential expansion of the universe, a result that can be related to that obtained by Grishchuk and Sidorov [86] in the context of gravitational waves. We have computed the thermodynamical magnitudes that are associated to the thermal state of the scalar field that propagates in one of the universes. The density energy of entanglement becomes more important during the early stage of the evolution of the universe and it decreases to zero for a large parent universe like ours. Then, the effective value of the Friedmann equation would have three contributions. One is the initial energy density of the universe. The second is the energy density of entanglement between the spacetimes of the universes, and the third one is the energy of entanglement between the spatial modes of the original scalar field ϕ(t) that propagates in the entangled spacetimes.
We have also computed the spectrum of fluctuations of the entangled scalar field and it has been compared with the spectrum of fluctuations of the vacuum state of a nonentangled scalar field. For the largest modes the effect would be unobservable. However, the inter-universal entanglement would have an important effect in the lower modes. In terms of the physical distance, the effect of entanglement is unobservable for distances both much larger and much shorter than the Hubble length. However, the spectrum of fluctuations of the field in the case it is entangled with the scalar field of the partner spacetime significantly departures from that of an unentangled universe at distances of order of the Hubble length, which would entail a distinguishable effect of the multiverse in the properties of the CMB.
This work opens the door for the search of these and other imprints of the multiverse in the properties of our universe by applying the same formalism to more realistic models of the universe and compare the outcomes with the astronomical data provided by the current and forthcoming space missions. Finally, let us also notice that the very existence of the multiverse is essentially derived from the subjacent physical theory, whether this is a string theory or a quantum theory of gravity. Therefore, if we finally find observable figures of the multiverse in the properties of our universe, then, they can be used to test these most fundamental theories. 
where, q = arcsin 
